Sequence and Series

Sequence

A function N — S where S is any nonempty set is called a Sequence
i.e, for each ne N, 3 aunique element f(n) € S. The sequence is written as (1), /(2),
f(3), .....AAN)...., and is denoted by {/(n)}, or <f(n)>, or (f(n)). If An) =a, , the sequenceis

written as a,,a,.....a, and denoted by , {a,}or <a,>or(a,). Here f{(n) or a, are the

n™ terms of the Sequence.

Ex.1. 1,4,9,16,.... n® ,...(or) <n®>

Ex. 2.

Ex. 3. 1,1,1...1..0r<1>



Note : 1. If S < Rthenthesequenceiscalled areal sequence.
2. Therange of a sequenceis almost a countable set.

Kinds of Sequences

1. Finite Sequence: A sequence <a, > inwhich a, =0Vn>me N issaid to
be afinite Sequence. i.e., A finite Sequence has a finite number of terms.

2. Infinite Sequence: A segquence, which is not finite, is an infinite sequence.

Bounds of a Sequence and Bounded Sequence
1 If 3 anumber ‘M’ 54, < M, Vne N, the Sequence <a, > is said to be
bounded above or bounded on the right.

Ex. 1,%,:—];, N herea, <1VneN

2. 1f 3 anumber ‘m >a, >m,VneN, the sequence <a, > is said to be

bounded below or bounded on the | ft.
Ex. 1,2,3,..heea, 21VneN

3. A sequence which is bounded above and below is said to be bounded.

Ex. Leta,=(-1) (1+1j
n

n 1 2 3 4 | .
a 2 | 32 | 43| 54| ..

n




2 4

From the above figure (see dso table) it canbeseenthat m=—2and M = g .
.. The sequence is bounded.

Limits of a Sequence
A Sequence <a, > is said to tend to limit ‘/° when, given any + ve number '€,
however small, we can always find an integer ‘m’ such that |a, — /| <€,Vn>m, and we
write Lt a, =1 or {a, —>1)

2
Ex. If a, :n2_+1 then <a, >—>1.
2n°+3 2

Convergent, Divergent and Oscillatory Sequences

1. Convergent Sequence: A sequence which tends to a finite limit, say ‘/’ is
caled a Convergent Sequence. We say that the sequence convergesto ‘7’

2. Divergent Sequence: A sequence which tends to too is said to be Divergent
(or is said to diverge).

3. Oscillatory Sequence: A sequence which neither converges nor diverges ,is
called an Oscillatory Sequence.

Ex. 1. Consider the sequence 2, gg - here a =1+l

Ml

The sequence < a, > is convergent and hasthe limit 1
1 1

a,-1=1+—-1== and E<e whenever n>1
n n n S

Suppose we choose e=.001, we have 1 <.001 when n > 1000.
n

Ex.2. If a, =3+(—1)"|—1I<an > convergesto 3.
n



Ex.3. If a,=n"+(-1)"n,<a, > diverges.

Ex.4. If q, =1+2(—1)" ,<a, > oscillates between -2 and 2.

n

Infinite Series
If <u, > isasequence, then the expression u, +u, +u, +........ +u, +

infinite series. It is denoted by %un or smply Xu,
The sum of the first »n terms of the seriesis denoted by s,

i€, S, =u+uy+uyt...tU,;s,5,,5;,...5, aecaled partial sums.

Convergent, Divergent and Oscillatory Series

Let 2u, beaninfinite series. As n — oo, there are three possibilities.

..... is called an

(@) Convergent series. As n—o,s5, — a finite limit, say ‘s in which case the

seriesis said to be convergent and ‘s’ iscalled its sum to infinity.

Thus Lt s, =s (or) simply Lts, =s

n—>0

smply Zu, =s.

(b) Divergent series: If s, - or —oo, the series said to be divergent.
(c) Oscillatory Series: If s, doesnot tend to a unique limit either finite or infinite it

issaid to be an Oscillatory Series.

Note: Divergent or Oscillatory series are sometimes called non convergent series.

Geometric Series

The series, 1+ x+x% +...x" +... is

(i) Convergentwhen |x|<1, anditssumis %
—X

(i) Divergentwhen x>1.

(iii) Oscillatesfinitely when x = -1 and oscillates infinitely when x < -1.

Proof: The given seriesis a geometric series with common ratio ‘x’
1-x"

To1-x

s when x =1 [By actual division — verify]



(i) When [x]<1:

Lt s, = Lt (ij—Lt( al Jzi [Sincex”—>085n—>ooJ

n—»o n—o\ 1—x n—o| 1—x 1-x
1

—X

.. The series convergesto 1

x" -1

(i) When x>1:s, =

and s, > asn—o
x_

.. The seriesis divergent.

(iii) Whenx =-1: whenniseven, s, >0 andwhennisodd, s, >1
*. The series oscillates finitely.

(iv) When x<-1,s, - o or —oo according as» isodd or even.

. The series oscillates infinitely.

Some Elementary Properties of Infinite Series

1. The convergence or divergence of an infinites series is unaltered by an addition or
deletion of afinite number of terms fromit.

2. If some or all the terms of a convergent series of positive terms change their signs,
the serieswill still be convergent.

3. Let Xu, convergeto‘s
Let 'k’ be anon —zero fixed number. Then Zku, convergesto ks.
Also, if Xu, divergesor oscillates, so does Zku,

4. Let Xu, convergeto‘/ andXv, convergeto ‘m’. Then
(i) Z(u, +v,) convergesto (/+m ) and (i) X(u,+v,) convergesto (/—m)

Series of Positive Terms
Consider the series in which all terms beginning from a particular term are +ve.
Let the first term from which all terms are +ve be v, .

Let Zu, be such a convergent series of +ve terms. Then, we observe that the
convergence is unaltered by any rearrangement of the terms of the series.
Theorem
If Xu, isconvergent, then Lt u, =0.

n—0

Proof : s, =u, +u, +.....+u



Suppose Xu, =/ then Lts, =/ and Lts,  =I

n—x0 n—>0
Ltu, = Lt (sn—snfl) ; Lts,—Lts, ,=1-1=0
n—w n—o n—o n—»w

Note: The converse of the above theorem need not be always true. This can be
observed from the following examples.

(i) Consider the series, 1+£+l+ ....... +1+.... ; unzi,Lt u,=0
2 3 n n o

. . 1.
But from p-seriestest (1.3.1) itisclear that X~ — isdivergent.
n

(ii) COns'dertheseries,liz+2—12+§+ ..... +n—12+ ......

1 . 1
u, :n_z,goun =0, by p seriestest, clearly ZF converges,

Note: If Lt u, #0 the seriesis divergent;

n—0

_2 71 here 1 u,=1 . Zu, isdivergent.

nooogn n—a

EX. u

Tests for the Convergence of an Infinite Series

In order to study the nature of any given infinite series of +ve terms regarding
convergence or otherwise, afew tests are given below.

P-Series Test

Theinfinite saries, 3 = =~ 4+ 2,1
n=1p?f 17 2r 3
(i) Convergent when p > 1, and (ii) Divergent when p <1.  (INTU 2002, 2003)

Proof :
C i) Let >1; 3 >27; 1 1

a%o) P y p>1, > ’:>3_p<§

1 1 1 1 2
—_—t—<—t—=—

20 3 2r 2r 2

1 1 1 1 1 1 1 1 4
—t—t—F—<—F—F—F—=—
47 5P 67 77 47 47 47 47 47
1 1 1 8
— t— ot <—, and soon.
8 9 167 87

Adding we get

Similarly,




Zip<1+£+i+£+....

n 27 47 g
. 1 1 1 1
i.e, Zn_” <1+ S + 2T + PR

The RHS of the above inequality is an infinite geometric series with common

1 <1(sincep >1) The sum of this geometric seriesisfinite.

ratio
2rt

» 1
Hence ¥ —isalsofinite.
rtzln"7
.. The given seriesis convergent.

Case (ii) Let p=1, 2i=1+£+1+l+ ......

n” 2 3 4

We have, 1+1>l+1=l
3 4 4 4 2
1111 11111
S+t => =+ —+—t+=—=—
5 6 7 8 8 8 8 8 2
1 1 1 1 1 1
—t— . —>—+—+... —=—andsoon
9 10 16 16 16 16 2

The sum of RHS seriesis o

(sincesn =1+ n;]': n;rland Lt s, =ooj

n—»00

: .. z 1 :
.. The sum of the given seriesisalso «; .. > (p=1) diverges.
n=. n
Case(iii) Let p<l, S—ol+—sly
n” 2 ¥
Since p<],i>ii>i ...... and so on
20 23 3
Zi>1+—+1+l+ .......
n” 4

From the Case (ii), it follows that the series on the RHS of above inequality is
divergent.



Zip isdivergent, when P<1
n

Note: This theorem is often helpful in discussing the nature of a given infinite series.

Comparison Tests

1. Let Xu, and Zv, betwo seriesof +vetermsand let Zv, be convergent.
Then Xu, converges,
@ If u<v,v neN

n

() or L<kvneN where k is>0andfinite
\%

n

© or %5 afinitelimit>0
\%

Proof : (a) Let Zv, =/ (finite)
Then, u, +uy + .o u, + .. <V + v, +v, +...51>0
Since [ isfiniteit followsthat Zu, isconvergent

(©) Y <k= u, <kv,,¥Yne N, since Zv, isconvergent and k (>0) is finite,
vVl
kv, isconvergent .. Xu, isconvergent.

(d Since Lt y isfinite, we can find a +ve constant k,> Y pvne N

nowey v
. from (2) , it followsthat Xu, isconvergent
2. Let Zu, and Zv, be two series of +ve terms and let Zv, be divergent. Then
Zu, diverges,
*1. Wfu,2v,,VneN

n

or *2. |If u—"Zk,VneN where kisfiniteand= 0
\%

n

or *3. If Lt L is finite and non-zero.

ey
Proof:
1. Let M be a +ve integer however large it may be. Science Zv, is divergent, a
number m can be found such that
VitV tenty, >M,Vn>m
U +uy +.tu, >M,Vn >m(un Zvﬂ)

Zu, isdivergent



2. u >kv,Vn
Xy, isdivergent = Zkv, isdivergent
Zu, isdivergent
3. Since Lt ) is finite, a + ve constant £ can be found such that ﬁ>k,Vn
n—ow Vn \%
(probably except for afinite number of terms)
. From (2), it followsthat X, is divergent.

n

Note :
(@ In (1) and (2), it is sufficient that the conditions with * hold Vn>me N
Alternate form of comparison tests : The above two types of comparison tests
2.8.(1) and 2.8.(2) can be clubbed together and stated as follows :

: u ,
If Zu, and Xv, aretwo seriesof +vetermssuchthat Lt — =k wherekis

n—>0 vn
non- zero and finite, then Xu, and Xv, both converge or both diverge.

(b) 1. Theaboveform of comparison testsis mostly used in solving problems.
2. In order to apply the test in problems, we require a certain series Xv, whose
nature is already known i.e., we must know whether Zv is convergent are
divergent. For thisreason, we call £v, asan ‘auxiliary series'.

3. In problems, the geometric series (1.2.2.) and the p-series (1.3.1) can be
conveniently used as ‘auxiliary series'.

Solved Examples

EXAMPLE 1

Test the convergence of the following series:

(@) 3,4,5,8, . (b) 4,5,8. 7. (© E[(n‘%l)m—n}
1 8 27 o4 1 4 9 16 n=1

SOLUTION

(@ Step L To find "u," the n” term of the given series. The numerators 3, 4, 5,
6......of theterms, arein AP.
n" term 1, =3+ (n-1).1=n+2

_n+2

n 3
n

Denominatorsare 13,23,3%, 4°...n" teem=n®; .. u

Step 2: To choose the auxiliary series Zv,. In u,, the highest degree of » in the
numerator is 1 and that of denominator is 3.



(b)

(©

1 1
. wetake, v, =—3 =

n+2

Step 3: Lt Y gy nJ;2><n2 =Lt =Lt (1+Ej=l which is non- zero and
n

n—w n—o n n—®0 n n—0
n

finite.

Step 4: Conclusion: Lt 1

n—»o0 vn
. Zu, and Zv, both converge or diverge (by comparison test). But Zv, =Zi2 is
n
convergent by p-seriestest (p =2> 1); .. Zu, iSconvergent.
4 5 6 7
—t ==+ —+....
1 4 9 16
. n+3
Stepl: 4,56,7,...inAP, ¢, =4+(n-1)1l=n+3 .. u,=—
n
Step 2: Let Zv, :1 be the auxiliary series
n
u n+3 3 . ..
Step 3: Lt 2= Lt >— |xn= Lt | 1+— |=1, which isnon-zero and finite.
n—»o0 vn n—oo n n—»o0 n

Step 4: .. By comparison test, both Xu, and Xv, converge are diverge together.

But Xv, = 21 isdivergent, by p-seriestest (p = 1); .". XZu, isdivergent.

1(1_j

1 4\4 1 1 3
=n|l+—+ —ton—ll=n————=+....
n 2! n® [4714 32n° }
_1_ 3, _i{l_i+ }

4* 320" T n®l4 32t T

Hereit will be convenient if we take v, =i3



Lt e Lt 1— 1 R :1, which is non-zero and finite
ooy e\ 4 32n

.. By comparison test, Zu, and Xv, both converge or both diverge. But by p-

seriestest v, =n—13 isconvergent. (p =3>1); .. Zu, isconvergent.

EXAMPLE 2

If u =————= show that Zu, isdivergent

J2n®+3n+5

SOLUTION

Asn increases, u, approximatesto
J2n® 2%‘ n% 2%‘.14%2

3
If we take vnzi, Lt Y2 =2 \whichisfinite.
n%z naoovn 2%

[(or) Hint: Take v, 1 , where [, and [, areindices of ‘n’ of the largest terms

phte
, . : . 1 1
in denominator and nominator respectively of u,. Here v, = ——=—]
nd 3 g2
By comparison test, £v, and Xu, converge or diverge together. ButXv, =% is
A
. . . 1
divergent by p — seriestest (sincep :E<1)
. 2Zu, isdivergent.
EXAMPLE 3
. 1 /2 (3 |4
Test for the convergence of the series. =t ===t
2 V3 V4 \5
SOLUTION
1 1 o
Here, u, = T Take v, =—5=—5=1, L= 1y =1 (finite)
n+1 - n noe Yy n—»o




Zv, isdivergent by p —seriestest. (p =0< 1)
.. By comparison test, Zu, is divergent, (Students are advised to follow the procedure
giveninex. 1.2.9(a) and (b) to find “ u, " of the given series.)

EXAMPLE 4

Show that 1+l+i+ ....... +—+..... is convergent.

1L |2

SOLUTION

w =t (neglecting 1% term)

n

n
123...n 1222..n-lYimes (2"
1

Xu <1+1+i2+—+ ......
n 23

which is an infinite geometric series with common ratio % <1

1 . .
ZF is convergent. (1.2.3(a)). Hence Zu, isconvergent.

EXAMPLE 5
Test for the convergence of the series, + 1 + 1 +onns
123 234 345
SOLUTION
3
et Take v,=— Lo " =1 (finite)
n(n+1)(n+2) n ooy, "*wn3(1+1j(1+2j
n n

.. By comparison test, Zu,, and Zv, converge or diverge together. But by p-series test,

1. .
v, = 2? isconvergent (p=3>1); .. Zu, isconvergent.

EXAMPLE 6

If u, =</n*+1-+/n* -1, show that Zu, isconvergent. [INTU, 2005]
SOLUTION




2 [1+i_i+i_ j_[l_i_i_i_ j
on*  8n® 16n? 2n*  8n® 1602

J1 1 1 1
=n ?4‘8’1—124‘.... 2? 1+8n—10+....

Take " =i2 , hence Lt —q

n
n n—x0 v
n

. . 1 .
". By comparison test, u, and Xv, converge or diverge together. But Xv, =— is
n

convergent by p —seriestest (p =2>1) .. Zu, iSconvergent.

EXAMPLE 7
. 1 1 1

Test the series + + + e for convergence.

1+x 2+x 3+x
SOLUTION

1 1
u,= ; take v, =—, then u__n 1
n+x n v, ntx q. X

n

Lt 1 =J;2vn=2l isdivergent by p-seriestest (p =1)
n

n—»w X
1+—
n

.. By comparison test, Xu, isdivergent.

EXAMPLE 8

Show that glsin(lj is divergent.
n= n

SOLUTION

unzsin(lj; take vnz1

n n

sm(lj sng

u"l_ n —_ — p—

nﬁivn‘ﬁi (1j = L= (Wheret‘%) =1
n

: 1.
.~ 2u ,Xv, both converge or diverge. But Xv, =~ — isdivergent
] "

(p -seriestest, p=1); .. Xu, isdivergent.



EXAMPLE 9

Test the series Tsin™ (lj for convergence.
n

SOLUTION

.41
u, =sin"=; Take v, =
n

_]{1]
Lt e _ Lt AL = Lt (ij zl(TakingSinll: 9]
nooy o (1) -0\ sing n

n

But Zv, isdivergent. Hence Zu, is divergent.

1
n

EXAMPLE 10
. 1 22 3 .
Show that the series 1+ — +—+—+..... is divergent.
22 3 4
SOLUTION
Neglecting the first term, the seriesis = + 2 + > Theref
eglecting thefirst term, esen%ls?+?+F+ ..... . Therefore
n" n" n" 1 _
STy ) ) Ay ()
n(l+j.n”(1+) n(l+)(l+)
n n n n
Take vn=l

n
1 1 1

L =
n—o Vn n oo[1+ 1)[1+ 1] n oo[1+ 1) 1
n n n

whichisfiniteand Zv, =Zl isdivergent by p —seriestest (p = 1)
n

un

2u, isdivergent.

ExXAMPLE 11
Show that the series + 3 + > Fornns oo isconvergent.  (JNTU 2000)
123 234 345
SOLUTION
1 3 5

+ + +
123 234 345



1
2_=
2n-1 1 ( nj

n' tem= u, = n(n+1)(n+2) _?(Hlj(“ZJ

n n

Take % :iz
n

n

R G T
s (1+y)(1+ 2] ( j

¢ o 20 _ 2 which is finite and non-zero
ey (1+0)(1+0)

. By comparisontest  » u, and ) v, converge or diverge together

1. .
But > v, = z? is convergent. .. > u, isalso convergent.

EXAMPLE 12

e 1 :
Test whether the series E —1 isconvergent  (JNTU 1997, 1999, 2003)
n++n+

SOLUTION

0

The given seriesis _—
J nZ:;' n++n+1
1
U =—F—Fr—
Jn++n+1

= \/m_\/; =\n+l—-+/n
'(&+¢n—+1)(m_&)‘ﬁ v

unf{@ L% }J;{[hz_{q_s_% _____ B

u,,_f{ZH = }%{%%}




Take % :i

n \/;

u 11 2 1 1
Lt %=Lt ——{———+...... ===
ey ,Hoo\/;{z 8n }(\/;J 2

which is finite and non-zero .
Using comparison test Z”n and Z"n converge or diverge together.

But Dy, = Z% is divergent (sincep:%)
n

D" u, isaso divergent.

EXAMPLE 13
Test for convergence ) | [\3/ n’+1- n} [INTU 1996, 2003, 2003]
=1
bE 1
n" tem  u, =n 1+i3 -1|=n|1+ 3+}é(}é )ie+ ..... 1
n 3n 1.2 n
1 1 _i(}_i+ ] et v =L
37 g 23 g5 =

Then go% iﬁi(%‘%nﬁ""):%io

. By comparisontest, » u, and D v, both converge or diverge.
But D v, isconvergent by p -seriestest (sincep =2>1) .. > u, isconvergent.

EXAMPLE 14
: 2 3 4 : .
Show that the series, —+—+—+....... is convergent for p > 2 and divergent for
1 20 3
p<2
SOLUTION

n™ term of the given series= u_ = ntl_ n(1+%) - (1+%)
" P n? Pt

1
Let ustake v, :T'



2. Du, and ) v, both converge or diverge by comparison test.
But D v, =) % ,-1 convergeswhen p -1>1; i.e,, p >2 and diverges when
p—1<li.e p <2; Hencetheresult.

EXAMPLE 15

Test for convergence (INTU 2003)
=3 +1

SOLUTION

%

|7+

%
n 1+3 "
Take _ |2 L /

"l ) R R ry

Lt 22 =1+0; . By comparison tes, D u, and ) v, behavethe same way.

n—>®0
vl’l

=(2Y2 2.2 (2
But Zvn =Z(§] = §+§+[§J +....., Which is a geometric series with

n=1

common ratio | % (<D - Z"n is convergent. Hence Z“n is convergent.

EXAMPLE 16
Test for convergence of the series, + 4 + 9 +. (INTU 2003)
4710 7.10.13 10.13.16
SOLUTION
4,710, isanA . P, t,=4+(n-1)3=3n+1
7,10, 13,............ isanA . P, t,=7+(n-1)3=3n+4
and 10,13, 16 cceveeeeees isan A.P; ¢,=10+(n-1)3=3n+7
I’l2 n2
u = =
g 4 7
(3n+1)(3n+4)(3n+7) 3n(1+ }én).fﬂn(l-i- An).sn(u @n)

1

“on(e 1 (14 )78




Taking v, :1 , we get
n

Lt u—”=2—17 #0; .. By comparison test, both » u, and D v, behave in the same

n—»
v}’l

manner. But by p —seriestest, » v, isdivergent, sincep =1. .. > u, isdivergent .

EXAMPLE 17
\V2n® -5n+1
Test for convergence ) —————— INTU 2003
9N ) T 1 2 ( )
SOLUTION
th ; - \2n® -5n+1
n" termof thegiven series= u, =———————
4n” —Tn“+2
1
Let v =—
n nz

T 2_%+%2 N 2_%+%2 V2,
. By comparisontest, » u, and )_v, both converge or diverge.
But ) v, isconvergent. [p seriestest—p=2 >1] .. » u, isconvergent .

EXAMPLE 18

Test the seriesd u, , whose n” termis (2—1)
n® —i

SOLUTION

1 1 2
u,=—>—;  Let v,=— Lt 2= Lt | ———— =%¢o

n (4]’12_1) n n n—»o Vn n—o n2(4_%2)
D u, and > v, both converge or diverge by comparison test. But » v, is
convergent by p —seriestest (p=2>1) ; .. Y u, isconvergent.
- 1

~4n® -1

Note: Test the series




EXAMPLE 19

If u, = (ijsn(lj ,showthat » u, isconvergent .

n n

SOLUTION
Let v, :i2 ,sothat )" v, isconvergent by p —seriestest .
n
Lt [”—j y in %) = Lt (S'—mj
n—o V,z n—o (%) t—0 t

wheret = 1/n, Thus Lt [”—"J =1+0

n—0
vﬂ

.. By comparison test, Zun is convergent.

EXAMPLE 20

Test for convergence % tan( %)

SOLUTION

Take v, :}/7 ; Lt [‘7}:17&0 (‘asin above example)
n 2 now vn

Hence by comparison tet, Zun converges as Z v, converges.

EXAMPLE 21

Show that ) sin’ (E] is convergent.
n

n=1

SOLUTION
2

sin . 2
Let u, :Sinz(lj ;. Take Vn=i2’ Lt U, | Lt (%) :Lt(snt]
n n el v, n—» % t—0 t
— . un a2
where t—% ; ngtw(Aj_l =120

. By comparisontest, » u, and » v, behavethe sameway.

But Zvﬂ is convergent by p- seriestest, sincep=2>1; .. Z”n is convergent.



EXAMPLE 22

Show that Zw: Iog(n”) is divergent.

n=2

SOLUTION
”":%Iogn ; IogZ<1:>2IogZ<2:>%|ogz>%;

z%logn > Z% ; But Z% is divergent by p-series test.
By comparison test, given seriesis divergent. [If Z"n isdivergent and u, > v Vn then
D u, isdivergent]
(Note: This problem can also be done using Cauchy’ sintegral Test.

EXAMPLE 23

Test the convergence of the series i(c +n) (d+n)" ,wherec,d,r, sareal +ve.
n=1

SOLUTION

The n"term of the series =u, = rl -
(c+n) (d+n)

1 r+s 1
Let v = Then B _ " =

" Yo nr(1+cj .n“'[1+d) (1+CJ (1+dj
n n n n

Lt ¥ =140, - D u, and Y v, both converge are diverge, by comparison test.

n—>0
vl’l

But by p-seriestest, Y v, convergesif (» +s) > 1and divergesif (r +5) < 1

ZMn convergesif (»+s)>1 and diverges if (r+s5) < 1L

EXAMPLE 24

Show that Zn_(l%) is divergent.
1

SOLUTION

un:n_(l+%)= ! Take vnzl; Lt = 1y L =1+0
% n n—o Vn n—o n%




For let tl =y say;logy= Lt—llogn-—Lt}/zo

n—»0

n—»0

n
0 o) . ,
y=e =1 (| — | using L Hospitalsrule)
o0

By comparison test both Z”n and ZVn converge or diverge. But p-series test,
D v, diverges(sincep =1); Hence Y u, diverges.

EXAMPLE 25
Test for convergence the series 3 (n—m)r ,a, b, c,p, q r being +ve.
=1 (n+b)p (n+c)q
SOLUTION
C ay g, 1 [wy)
")y (”+C (1+/)( (1+/y " (+/) (1—1—7) 1
Take v, = Lt 2 =120;

np+q—r n—w v,
Applying comparison testsboth > u, and ) v, convergeor diverge.
But by p-seriestest, > v, convergesif (p+ g —r) > land diverges if (p +¢-r) < 1.

Hence Z”n convergesif (p + g —r)>1anddivergesif (p+qg—-r) <1

EXAMPLE 26
Test the convergence of the following serieswhose n"” terms are:
(3n+4) 1 1Y n+1Y
; b) tan—; 9 —
@ (2n+1)(2n+3)(2n+5) ®) n © (nzj(n+3j
1
; €

@ 5] @ =
SOLUTION

(8 Hint:Take v, = ZV isconvergent; Lt { )::—837& 0 (Verify)

n—>0 V

Apply comparison test:
z u, isconvergent [the student is advised to work out this problem fully ]



(b)  Proceed asin Example §; Z”n is convergent.

(c) Hint: Take vn:iz; Lt(u—”J:Lt(lJr—%)n:%:iz;to
R

n n—>0
1
v, =— isconvergent (work out completely for yourself )
n

n

@ w-— -2 1 qaev -1 n|M]o1s0
3}1 +57‘l 5}1 [ (3)”} 5" n—o Vn
1+ =
5
D u, and Y v, behavethe sameway. But ) v, isconvergent sinceitisa
. . , 1
geometric series with common ratio < <1

" Z”n is convergent by comparison test .

1 1 .
(e <—,VneN , snce n3 >3;
n3d 3
1 1
—=< ) — (L
n.3' 3 @
The series on the R.H .S of (1) is convergent since it is geometric series with
1
r=—<1.
3
.. By comparison test zign is convergent.
n.
EXAMPLE 27

Test the convergence of the following series.

N 1+2 N 1+2+3 N 1+2+3+4
PP+22 1242243 1P+22+3+4°

@ Ittt F rrrrrs
P+22 1242243 1°+2°+3+4°

b) 1+ + +
(b) B+22 P+2°+3 1P+22+3F+4°




SOLUTION

(@

(n+1)
14243+.4n T 3
n 2 2 2 - -
P+22+F +..... ”(”+1)(2n6+1) (2n+1)

Take vn:i ; Ltﬂ:Lt( 3n j:_;to

n n—»0 vn

n—o0

2n+1

2

D u, and Y v, behavealike by comparison test.

But » v, isdivergesby p-seriestest. Hence ) u, isdivergent.

(Zn +1)
) P+2%+..4n° n(n+1) 2(2n+1)
u = = =
P+ 24’ ,(n+1)°  3n(n+l)
4
Hint : Take v, = 1 and proceed asin (a) and show that Zu” Is divergent.
n
Exercise 1.1
1. Test for convergencetheinfinite serieswhose n” termiis:
1
) [Ans: divergent]
n—n
(b) M [Ans: convergent]
n
(© n*+l-n [Ans: divergent]
(d) \2/;1 [Ans: convergent]
n f—
@ JriP+l-n® [Ans: divergent]
) 1 [Ans: divergent]
n(n+1)
(9) \2/; [Ans: convergent]
n°+1
8
(h) 2n+5 [Ans: convergent]




2. Determine whether the following series are conver gent or divergent.

1 2 3
+ + F o Ans: divergent
@ 1+3% 1+3?% 1+3° : gent]
12 22 32 2+10n
b —t—t—F ... s e Ans: convergent
(b) FERE e [ gent]
(c) = + L + = + [Ans: divergent]
\/1+\/§ \/§+\/§ \/§+\/Z .............. :
2 3 4 :
(d) §+E+?+ ............... [Ans: divergent]
1 1 1
€ —t—+—+ . AnNs: convergent
® PR [ gent]
© 3/ .2
) Z”—” ............... [Ans: divergent]
i dn®+2n+3
(9) 2(8% —1) .................... [Ans: divergent]
1
= 3°+8
h) ) ———— e, ANS: convergent
(h) ;5n5+ 5 [ gent]
1 2 3
i —t—t—+ s Ans: divergent
® 1.3 35 57 [ gent]

D’ Alembert’s Ratio Test

Let(i) S u, beaseriesof +vetemsand (i) Lt ==k (>0)
n—>00 un

Then the series Z“n is (i) convergent if £ <1 and (ii) divergent if £ > 1.
Proof :

Case(i) Lt —L=k(<1)

n—»0
un

From the definition of alimit, it follows that

Im>0 and [(0<<1)>2L < [Vn>m
u

n



. u u
i.e, il ] T2 ]
um um+1
Uy, U F U ot e e,
u 1 um 1 um 2 um 1
m .
Uy, Uy 1 Uy

<u, (1+l+l2 +) =u,.—(/<1)

1
1-/

1 . : -
But U, is afinite quantity .. Y u,

n=m

is convergent

By adding afinite number of terms u, +u, +......+u,,_,, the convergence of the

seriesis unaltered. D u, isconvergent.

n=m

Case(ii) Lt mt—f>1

n—x0
un

There may be some finite number of termsin the beginning which do not satisfy

the condition—=1>1. In such a case we can find a number ‘m’

u

n

u
5L >1Vn>m

uﬂ
Omitting the first ‘m’ terms, if we write the series as u, +u, +uz; + ......... , we
have
u u u
—2>123>1-4>1 ... and so on
U U, Us
_ U, Uz u
Uy +uy e tu, =u | I+ —=+—=.—< 4. (to n terms)
Uy U Uy

> uy(1+1+11+...1t0nterms)

= nu,

Lt D u, > Lt nu, which —>o0; ..

n—»0 n—»0

n=1

D u, isdivergent.



. : : . - 1
Note: 1 Theratio test failswhen k = 1. As an example, consider the series, E —
n=1 n

u n \’ 1 ’
Here Lt"—+1=Lt( J = Lt =1
n—»>0 n—>0 + n—o
u, n 1+ %
i.e, k=1for al values of p,

But the series is convergent if p > 1 and divergent if p <1, which shows that

when k =1, the series may converge or diverge and hence the test fails .

Note: 2  Ratio test can also be stated as follows:
u
n

If D u, isseriesof +vetermsandif Lt

n—o 1y

=k, then ) u, isconvergent

n+l

If k> 1anddivergent if £ <1 (thetest failswhen k = 1).

Solved Examples

Test for convergence of Series

EXAMPLE 28
2 3
@ X (INTU 2003)
12 23 34
SOLUTION
- xn . _ xn+l - u,Hl: xn+l }’l(}’l+1): 1 N
" on(n+1)” (n+1)(n+2)" u, (n+1)(n+2) x" (LLZJ '
n

Therefore  L¢ 2l — x

n—»0
url

.. By ratio test Z”n is convergent When [x| < 1 and divergent when | x | > 1;

— ! ; Take vn:iz; Lt -1
n®(1+1/n) n® ey

.. By comparison test Z”n is convergent.

Whenx =1, u, =

Hence > u, isconvergent when |x| <1 and divergent when |x| > 1.



(b) 1+3x+5x°+7x°+.......

SOLUTION

u,=(2n-Dx""  wu,,=(2n+1)x"; Lt 1 g (2n+ljx:x

n—o 1y n—»ow 2]’1—1
n

~. By ratiotest ) u, isconvergent when |x| <1 and divergent when |x|>1

When x=1iu, =2n-1 Lt u,=o0; . D u, isdivergent.

n—»0

Hence ) u, isconvergent when |x| <1 and divergent when |x|>1

0 xl’l
© ) —— .
,,Z:;‘ n®+1
SOLUTION
Y= xn . ) B xn+l
"o+l " (n+1) 41

=X

2

2 n (1+ 2)

Hence Uit _ 2” 1 x, Lty % (x)

u n“+2n+2 n—w Y n—e 2( 2 ZJ

" " n| l+—+—

non

. By ratio test, »_u, is convergent when |x|<1 and divergent when |x|>1 When

1

n®+1 n

. By comparison test, » u, is convergent when |x| <1 and divergent when |x| > 1

; Take v, :i

2

x=1u, =

EXAMPLE 29

n“+1

n—»0

© 2
Test the series Z (”2 1}(” ,x >0 for convergence.

SOLUTION




Le Yoy ( 2112+2n J(HZH) X
oo, ool n? 42042 ) (n? 1)
= Lt n4(1+2/”)(1+]/n2) )]:x

noe| (1+ 2/n+ 2/n2)(1—]/n2
.. By ratio tet, Zun is convergent when x <1 and divergent when x>1 whenx =1,

2
-1 1
u, = n2 Take v, =—
n°+1 n

Applying p-series and comparison test, it can be seen that Z u, isdivergent whenx = 1.

Zun is convergent when x < 1 and divergent x >1

ExAMPLE 30
27 3P 47

Show that the seriesl+ —+—+—+....., isconvergent for al values of p.
2 3 |4

SOLUTION

1 p
= Lt x Lt (1+—} =0<1;
n%oc(n{.l) n—»o0 n

D u, isconvergentforal ‘p* .

EXAMPLE 31

Test the convergence of the following series

1 1 1 1
—t—+—+—+
¥ 3 B 7
SOLUTION
1 1
un: un+1: P
(Zn—l)p (2n+1)



(20-) 2w (v2e) w,
u, (2n+1)" 2'n" (L+Y20)" 0w,

.. Ratio test fails.

n+l

Low, __ n ! s 1

n_p’ v (Zn—l)p - Ny (1_1J1’ " oo v 2
2n

Teke v, =

which is non — zero and finite
. By comparisontest, » u, and ) v, both converge or both diverge.

. 1 .
But by p — seriestest, Z"n = Z—p convergeswhen p >1 and diverges
n
when p<1
Zun isconvergent if p>1anddivergentif p<1.

EXAMPLE 32
Test the convergence of the series z (n f)x ;x>0
n=1 n
SOLUTION
(n+D)x"  (n+2)x""
un = 3 ’un+1 3
n (n +1)
U,, n+2 e n’ _[n+2j( n Tx
u, (n+1)3' '(n+1)x" n+l)\n+1) "
u 1_'_3 1
Lt L= It L X=X
n—w 1y n—o 1 } ( 1j
n + 1+ =
n n
.. By ratio test, Zun convergeswhen x < 1 and divergeswhenx > 1.
+1
Whenx =1, u, = —
n

1 . . .
Takev, =— ; By comparison test Z”n is convergent ( give proof )
n

. Y u, isconvergentif x <1 and divergent if x> 1.



EXAMPLE 33

Test the convergence of the series (INTU 2002)
) 2
() Z n_+i2 (i) 1+ 2'5'8+2'5'8'11+ . (iii) }+£+1.2.3+
2" n 159 15913 3 35 357
SOLUTION
: =(n® 1 2n &1 n’ 1
i —+—= =) —+> = Let u =—;v =—
() ;(2’7 nZJ ; n = n2 n 2n n 7’12
+1)° +1)° 2 2
el e ) 2 g e g (02 L
A 2" n now oy o n 2

- By ratiotest ) u, isconvergent. By p —seriestest, » v, isconvergent.
. Thegiven series (Y u, + " v, ) isconvergent.
258 25811
: + +
159 159.13
Here, 1% term has 3 fractions 2™ term has 4 fractionsand soon .

n" term contains (n + 2) fractions

2.5.8.....arein A. P.
(n+2)" tem=2+(n+1)3=3n+5;
. 1.5.9,..... arein A. P.
(n+2)" tem=1+(n+1)4=4n+5
 258...(3n+5)
“T159. (4n+5)
258....(3n+5)(3n+8)
Upa =
1.59....(4n+5)(4n+9)

(i) Neglecting the first term, the series can be taken as

n(3+8)
M:M- Lt un+1: Lt n :§<1
u, (4n+9) o, M”(‘”gj 4

n

~. By ratiotest, » u, isconvergent.



(i) 1,23, ... aeinA.Pn” tekem=n;3.5.7.......... arein AP. n” tem=2n+1

1.2.3...n
u =
' {3.5.7.....(2n+1)}

_{ 12.3...n(n+1) }

YT 357, (2n+1)(21+9)
M:[ n+1 j
u, 2n+3

n.(1+1j 1
T R VA Y |

no Yy n—>w n(2+3j 2
n

By ratiotest, Y u, isconvergent.

EXAMPLE 34
© 1.35...(2n-1

Test for convergence | G ).x"‘l(x>0) (INTU 2001)
246,21

SOLUTION

135..(22-1) ,,
X
2.46...2n

The given series of +vetermshas u, =

135...(2n+1)
= X
" 246..(2n+2)

and u

g (201), 20 0)
/iiuu—j:néi[z:u} - ,,J@W%:)-x:x

.. By ratio test, Z”n is converges when x < 1 and diverges when x > 1 when x = 1, the

test fails.

135...(2n-1)
<land Lt u, #0
24621’1 n—»o

o Y u, isdivergent. Hence D u, isconvergent whenx < 1, and divergent when x>1

Then u, =



EXAMPLE 35

Test for the convergence of l+§x+gx2+ ........ +[2 _zjx"'l+ ..... (x>0)

(JNTU 2003)

SOLUTION
2'-2
2'+1

(2’”11 )x"; Lt (ﬂjz Lt .(Znill_zjx[zhrl].x
(24 Teoelw, ) o (241) (202
|zt Zlt) |
RERTPSE AN

Hence, by ratio test, Zun convergesif x <1 and divergesif x > 1.

Omitting 1% term, u, [ ] "(n=2) and 'u," areadl +ve.

71

—2. ; Lt u, =1=0; - > u, diverges

+1 n—>

Whenx = 1, thetest fails. Then u, =

Hence Z“n is convergent when x < 1 and divergent x > 1

EXAMPLE 36
3 41)
Using ratio test show that the series Z—I converges (JINTU 2000)
= n!
SOLUTION

_(3-4i) / _(3-4i)™ (), (34
un ’ un+l_ (n+1)|! nél; unl _né)l;c n+1 —O<1

Hence, by ratio test, Z”n converges.

EXAMPLE 37

Discuss the nature of the series, ix + ix2 + ix3 Forerns oo(x>0) (INTU 2003)
34 45 5.6

SOLUTION

Sincex >0, the seriesisof +veterms;



Y- (n+1) ey = (n+2)

" (n+2)(n+3) i (n+3)(n+4)

n+l

2
Lyt :[( (n;)? : } . (1;%)/ y
noe n+1)(n+ n— (1+ )
Therefore by ratio test, ZMn convergesif x <1 and divergesif x >1
(n +1) _
(n+ 2)(n+3) 1

When x = 1, the test fails, Then u, =

Taking v, :1; Lt :u—”:1¢0
n noo v

. By comparisontest » u, and » v, behave sameway. But Y v, isdivergent by p-
seriestest. (p = 1);
" Y u, isdivergeswhen x =1

" ZMn is convergent when x < 1 and divergent when x>1

EXAMPLE 38
3.6.9.....3n.5"
4.7.10..... (3n +1)(3n + 2)

Discuss the nature of the series (INTU 2003)

SOLUTION

369..31 5
u = :
" 4.7.10..... (3n+1) 3n+2)

(
3.6.9....31(3n+3)5""
YT 710. (3

.7.10..... n+1) 3n+4)(3n+5)

(
It Uy _ It (3n+2)(3n+3)
no® oy o (3n+4)(3n+5)

/i)

~. By ratiotest, Y u, isdivergent.

Here,




EXAMPLE 39

Test for convergence the series z n"
n=1

SOLUTION

w,=n"; u,,=(n+1)";

Uy  (n+2)" n" _1( n )n

u, nt" :n(n+l)” Cnln+l
1 1 1
AR =0.-=0<1
u, n 1+% e
- By ratiotest ) u, ,is convergent
EXAMPLE 40
&2t
Test the serl%Z— , for convergence.
n=1 Iﬁ
SOLUTION
2n® 2(n +1)3
u =—:1u

20 (e (1 h)

u
53T 3
u, n+l  2n n n
u
Lt =2 =0<1;
n—0 un

~. By ratiotest, Y u, isconvergent.

EXAMPLE 41
. 2"'n!
Test convergence of the series ) —
n
SOLUTION
2"'n! 2" (n+1)!

Un = nn ! un+1 (n+1)n+l



un+l:2n+l(n+1)! nn :2( n jn
u, (n+1)”+l 2" n! n+1

1 2 .
J s R Y P Y | (since2<e< 3)

n—>0 u, n—0 (1+%)n e

. By ratiotest, _u, isconvergent,

EXAMPLE 42
Test the convergence of the series Zun where u, is
n*+1 X 123.n Y
@ = ® ———.(a>0) (9 ( J
3'+1 (2n+1) 4.7.10...3n+3
V1+2" 3n®+7n’
d € — X’
@ V1+3 © ( 5”9+11]

SOLUTION
@ L [h} » {(nj)zﬂx 3*;+1]
e\ oy ool 341 41
w |2 2) 2 )
ooy (1+ % 2) 3"*1(1+ %1)

:1<1
3

. By ratiotest, » u, isconvergent.

b Lt (hj: L{ X x(2n+11)a}
n—»0 un n—»o0 (2n+3)a x”
[2orfety)
n—»0 2 a(1+/ )

By ratio test, Z”n convergence if x < 1 and divergesif x > 1.




, 1 , 1
When x = 1, thetest fails; Then, u, =——; Taking v, =— wehave,
n

(2n+1)a
(u ) ( n )a 1 1 . :
Le| Y| = 1 = [t — = =20 andfinite (sincea > 0).
oy n—o\ 2pn+1 n—)w(2+%) 2

. By comparisontest, Y u, and ) v, have same property

But p —seriestest, we have
(i) v, convergentwhen a>1
and (ii) divergent when a <1
o Tosumup, (i) x <1, Z”n isconvergent Va.
(i) x>1, D u, isdivergent Va.
(i) x=1, a>1, Z”n is convergent, and
(iv) x=1,a<1, Y u, isdivergent.

123.n(n+1)  4710..(31+3) |
4710..(31+3)(31+6)  123..n

2
= Lt (n+1) =i<1;
e 3(n+2)| 9
~. By ratiotest, » u, isconvergent

(1+2%) (1+3) r
(1+37) (1+2")

© Lrﬂ=L{

n—wo 1y n—>x0
n

Gy

n—0 u n—»0
n

- By ratiotest, M u, isconvergent.



()

i 3 2 9
Lt n+l Lt 3(n+1) +Z(n+1) ><5n3+11><x
e, = 5(n+l) +11 3n”+7

. _3n3(1+ v )3 +7n: (1+ Y )2 ) 5n° (Hl%ng

s 50°(1+ 1) +11 3 (1+ %
[l 2o g
el {(l+%)9+51nlg} 3n3(1+ %ng,)

).
|

. By ratio test, Z”n converges when x < 1 and diverges when x > 1.

When x = 1, the test falls,
Then u = 3n3(1+%n) _ 3 (1+73n)

] 5n9(1+1y g) 5n° (1+1y 9)

. 1 3

Taking v , we observe that Lt =—=%0
I’l

n
n—>0 V

XX |=X

.. By comparison test and p seriestest, we conclude that Z”n IS convergent.

" Zun is convergent when x <1 and divergent when x > 1.

Exercise - 1.2

1. Test the convergency or divergency of the serieswhose general termis:

@)
(b)

(©

(d)

(€)

e [Ans: |x| <1cgt,|x 2|1dgt]
n

AX"™ e [Ans: |x|<1cgt,|x Z|1a’gt ]
2'"-2) . _

[2" +1]x Lo [Ans: |x|<1cgt,|x Z|1dgt ]
n®+1) ,

( 2—1}6 ................... [Ans: |x|<1cgt,|x Z|1dgt ]

........................ [Ans: cgt.]



= s [Ans: dgt.]
n
(n3 +1)}1
(9 (3n +1) ....................... [Ans: cgt.]

2. Determine whether the following series are convergent or divergent :

2 3
€) r)cz+%+%+ .............. [Ans: |x|<lcgt,|x| > 1dgt ]
2 3
(b) 1+%+;—2+%+ .............. [Ans: |x|<lcgt,|x| > 1dgt ]
1 X x°
...... Ans: (x| <
© 12372567 789" [Ans: x| < legt x| > Lt |
2 3 n

d I+—+—+—+.....

[Ans: |x| Slcgt,|x| > 1dgt |

@& —F—F—FF [Ans: |x|>1cgt,|x|£1dgt]

Raabe’s Test

n—0 u

Let Z”n be series of +vetermsand let Lt {n(i—lj}:k

n+l

Then
(i) 1fk>1, > u, isconvergent. (i) If k<1, D u, isdivergent. (Thetest failsif & = 1)

1
Proof : Consider the series Zvﬂ:Z—P
n

[t () 2]




Case (i) Inthiscase, Lt n{ U }:k>1
e un+l

We choose anumber ‘p’ 3 k > p >1; Comparing the series Z“n with
D v, which isconvergent , we get that » u, will convergeif after some

fixed number of terms
Uy _ Vo _ (n +1Jp
un+1 Vn+l n

1
ielf, nt_1 >p+m.1+ ......... from (1)
u Z2 n

n+l

ie,If Lt n( Yy —1j>p

n—»o
un+l

i.e, If k>p, whichistrue.Hence Zun is convergent .The second case also

can be proved similarly.

Solved Examples

EXAMPLE 43
Test for convergence the series
1 x° 13 x> 135 x’

+—.—+ —+ —t.... (JINTU 2006, 2008)
23 245 246 7

SOLUTION
Neglecting the first tem ,the series can be taken as,

1 x_3 1.3 x° 135 x’

. A e
23 245 246 7
135..aeinAP. n" tem=1+(n-1)2=2n-1

246..aeinAp. n" tem = 2+(n-1)2=2n
35.7..aeinA.P n” tem =3+(n-1)2=2n+1

1.35...(2n-1) x4
246...(2n) 2n+1

u, (n™ term of the series) =



135..(2n-1)(2n+1) x*°
u = .
" 246...(2n)(2n+2) 2n+3

w,, 135..(2n+1) x*°  246..2n (2n+1])
u, 246..(2n+2) (21+3)1.35...(2n-1)  x**

n

2

(2n+1)"x*
(2n+2)(2n+3)

2
4n* (1+ 1)
Lt L1 — gy 2n 2= x?

> 3 X" =x
o gy 42 (1_'_ j (1+ j
2n 2n

- By ratiotest, » u, convergesif |x| <1 and divergesif |x|>1
If |x| =1 the test fails.

u, _(2n+2)(2n+3)
Uy (2n+1)°
u 1 (2n+2)(2n+3) 1o 6n+5

Then x>=1 and

n

U, 1 (Zn +1)2 (2n+1)2

2
L {n| M|l [ O En
o u,, el 4n® +4n+1

n2(6+5) 3
=Lt n >1

n%nz(4+4+12) 2
n n

By Raabe’ stest, Zun converges. Hence the given series is convergent when |x| <1 an

divergent when |x| > 1.

EXAMPLE 44
Test for the convergence of the series (INTU 2007)
3 36 , 369
I+ —x+—x"+—=x"+..... ;x>0

X + X+
7 710 7.10.13



SOLUTION

Neglecting the first term,
3.6.9....3n
u = X
" 7.10.13..3n+4
3.6.9....3n(3n+3)
u = .
" 7.1013....(3n+4)(3n+7)

n

n+l

un+l — 3n+3 . Lt un+1 =x

X
u, 3n+7 ooy

n

.. By ratio test, Zun is convergent when x < 1 and divergent whenx > 1.

When x = 1 The ratio test fails. Then
7 4
u, 3n+7 u, 1

n

w., 3n+3'u,, " 31+3

n+l

Lt {n| Mo =Lt[ 4n j=f>1
oo |\ e\ 3n+3) 3

.. By Raabe'stedt, Z”n is convergent .Hence the given series convergesif x <1 and

divergesif x > 1.

EXAMPLE 45

_ & P59 (4n-3)
Examine the convergence of the series Z >
1 47.8%.12%...(4n)

SOLUTION
 PPB9..(4n-3)" P59 ..(4n-3)" (4n+1)
T80 (4n)" T 48122 (4n) (4n+4)
2
Lt Ha gy (4"+1)2 —1 (verify)

e u, e (4n+ 4)

.. Theratio test fails. Hence by Raabe’ s test, Z”n is convergent. (give proof)



EXAMPLE 46

2
Find the nature of the series Z@x” ,(x>0) (INTU 2003)
21
SOLUTION
— (Iﬂ)z xn . — (ln_+1)2 xn+1
n @ - ! i+l 2n+2 "
un+l _ (n +1)2

u, (2n+1)(20+2) "

S
T TP TP

.. By ratio test, Z”n converges When% <1,i.e;x < 4; and diverges when x >4;

When x = 4, the test fails.
u, (2n+1)(2n+2)

U, 4( n+ 1)2

u g -2 _ -1 . n[ u, _J 1y
u,, 4(n+1) 2(n+1) 100 u,, 2

- Byratiotest, » u, isdivergent

Hence Zun is convergent when x < 4 and divergent when x > 4

EXAMPLE 47

_ 4.7....(3n+1) .
Test for convergence of the series ZT)C (INTU 1996)
SOLUTION

4.7....(3n+1) 4.7....(3n+1)(3n+4)
U =———=x U _,=
" 123..n "t 123..a(n+d).

LYoy {(3n+4) .x} =3x
now gy now (n+1)

n . n+l




.. By ratio test Z“n convergesif 3x<1li.e, x<% and divergesif x>E ;

If x::—];,thetestfails
When x=1,nu_n_1=,{w_1}:n -1 ]_ 1
3 Uy 3n+4 37’l+4 ( 4)

3+—
Ltn{ﬂL—}:—l<l
n—w u 3

n
n+l

~. By Raabe'stest, ) u, isdivergent.

. 1 . 1
Z”n is convergent when x < 3 and divergent when x > 3

EXAMPLE 48
3x 4x* 58
Test for convergence 2+E +T +T F e (x > O) (JNTU 2003)
SOLUTION
The I’Zthterm u, :Mxnfl; Mn+1=(n+2)x" U, :n(l’l+22).
(n+1) u, (n+1)

.. By ratio test, Zun isconvergent if x <1 and divergent if x > 1
If x =1, the test fails.
2
+1
Then Lt n| 2o — =Ltnu— :Ltn;:0<1
n—oo un+l n—o n (n + 2) n—»oo n (n + 2)
. By Raabe'stest ) u, isdivergent

Z”n is convergent when x < 1 and divergent when x >1

EXAMPLE 49

Find the nature of the series § + ﬁ + ﬂ +10000i00 (JNTU 2003)

4 47 4.7.10



SOLUTION
3.6.9....3n _ 3 3.6.9.....3n(3n+3)

T 2710 (3n+1) T 4710, (3n+1)(3u+4)

33wy, (143
uunl 3214 n];iuul n];i3n(1+/n)

Ratio test fails.
Lt|n “y =1 = Lt n(3n+4—lj
n—o un+1 n—»ow 31’1 + 3

7 DL PR N

52 3(n+1) ,7%3”(“ %) 3

~. By Raabe'stest ) u, isdivergent.

EXAMPLE 50

If p, ¢ > 0 and the series

1£+1.3.p(p+1)+1.3.5 p(p+1)(p+2)+
2¢q 2.4.q(q+1) 246 q(q +1)(q+2)

is convergent , find the relation to be satisfied by p and g.

1+

SOLUTION
3 1.3.5.....(2n—1) p(p +1) ..... (p+n—1)

YT T246. 21 q(q+D).(grn-1)
y :1.3.5.....(2n—1)(2n+1) p(p+1) ..... (p+n—1)(p+n)
" 246..20(2n+2)  q(q+1)...(¢+n-1)(g+n)

Upa _ (2n+1) (p+n) .
u (2n+2) (q+n)’

Lt Yot _ 2”(1+%)n( /
S T 2, ) |

.. ratio test fails.
Let us apply Raabe’ s test

[neglecting 1% term]




|-
1] 2a(n+1)-p(2n+1)+n

R A A

n—0

2 2

2(]—2p+1>
2
=q-p >%, isthe required relation.

Since Zun is convergent, by Raabe’' stest, 1

Exercise 1.3

1. Test whether the series Z“n is convergent or divergent where
1

2 12 p2 _9)\?
u,= 246 (2n 2) X" [Ans: |x| Slcgt,|x| >1dgt ]
3.4.5.....(2n—1)(2n)

2. Test for the convergence the series
i4.7.10..lé(3n +1) o [Ans: |x| <%cgt,|x| Z%dgt]

1

3. Test for the convergence the series:
A 2PHNBT AP0
(|)22+2222+222222+
33 FIF6°6° 3I.3.6°.6°.9°9

[Ans: divergent]

(i) ﬁx—k—'x +=—=x"+....(x>0) [Ans: cgtif x < 1dgtif,x>1]

1.35...(2n-1) "
() )= 46,20 (2n+2) >

[Ans: cgtif x < 1dgtif,x>1]



I S S

X+ + P cooooo

2 4 6

(iv)
[Ans: cgtif x <4 anddgtif,x >4]

1.3.5 Cauchy’s Root Test
Let > u, beaseriesof +vetermsand let L u, %=1 Then D u, isconvergent when

n—>0

/< landdivergentwhen/>1

Proof : (i) Lt un% =/<1=3a +venumber 'A'(/<A<1) 3“,,% <A,Vn>m

n—>0
(o) u,<A",Vn>m
Since /1<1,Z/1” iS a geometric series with common ratio < 1 and

therefore convergent.
Hence > u, isconvergent.

(i) Lt u /" =1>1

n—0
". By the definition of alimit we can find a number r > un% >1IVn>r
e, wu,>Vn>r

i.e., after the1® ‘7 * terms, each termis> 1.
Lt Y u, =00 o Y u, isdivergent.

n—0

Note: When Lt( ) 1, the root test can't decide the nature of »_u, . The fact of

n—0

this statement can be observed by the followi ng two examples

1
1. Consider the series Z}/ _qun " Lt ( }/}
2. Consider the series Z}/ in which Lt”
n—oo n—)wn

In both the examples given above, [ tun% =1. But series (1) is convergent

n—>0

(p-seriestest)
And series (2) is divergent. Hence when the limit=1, the test fails.



Solved Examples

EXAMPLE 51
Test for convergence the infinite series whose n” terms are:

() —% i) —=— (i) 1t (INTU 1996, 1998, 2001)
n

(Iogn) [ . 1}"
n

SOLUTION

Lt u = Lt — 1 - =0<1,

n—0 n—»0 }/l

. 1 1
(i) u,,=n7,u%=

2 ’

By roottest M u, is convergent.

(i) wu,= 1 = L u’ = Lt =0<1;
(logn)"’ logn o n>= logn
By root test, D u, is convergent.
1 1 1
(i) wu,=——u = Lt“n =Lt Z<l

(1+ 1} (1+ 1) " " (1+ 1)
n n R

. Byroottest » u, isconvergent.

EXAMPLE 52

Find whether the following series are convergent or divergent.

a1 o111 [n+1x]
[ — i) I+ —=+—=+—+..... iii

O X3 O Lrgrgra (i) Z

SOLUTION

7




7

Liu/"= Lt ;1
= = (1_j
3

pA
(i) u, :in; Lt un% = Lt (inj =0<1; By roottest, » u, isconvergent.

1
=3 <1; By root test, Z u, isconvergent.

n n—>0 n—0 n

[(n + 1) x]n

(i) wu,= e
A
1
woufe g 000
n %
. H(ml)x} .1] _ (’Hljx'i
n—o n n n— n n%
Lfn[“%%% = gox.ni%=x [since ngth. nly =lj
" Y u, isconvergent if |x| <1 and divergent if |x|>1 and when |x| =1 the
test fails.
Then u, = (n-:i-) ; Take v, :1
n n
ﬂz(n_:i-) .n=(n+n1) :(1+1j o Lt u—”=e>1
v, n n n ey

.. By comparison test, Zun isdivergent.
(>, divergesby p —seriestest)

Hence > u, isconvergent if |x| <1 and divergent |x|>1

EXAMPLE 53

n2

[T— —, show that )" u, isconvergent,
(n+1)




Leun=1e| | = L =—1" ”:Lt(nj
n—0 n—m (n+1) n—»ow (l’l+1) n->o\ p4+1
1 1
= Lt|——=| ==<1; . ) u, convergesby root test .
n—»o 1 e
_l_i
n
EXAMPLE 54
. 1 (2 (3
Establish the convergence of the series §+ 5 + 7 + o
SOLUTION
u = —| veifyy,  Lew = 1| —"—]=Lc1
2n+1 e e\ 2n+1) 2

By root test, » u, isconvergent.
EXAMPLE 55
Test for the convergence of X"

g ,,Z:;‘ n+l
SOLUTION

2 2
1 1
u,=|—7 X" Ltun%:Lt —q | X=X
1+7 n—»0 n—»0 1+7
n n

. By root test, M u, isconvergent if |x| <1 and divergent if |x|>1.
1
When|x|=1: u, = ‘/Ll ,taking v, = and applying comparison test , it can be
n+ n

seen that is divergent
> u, isconvergent if [x| <1 and divergent if |x|>1.

EXAMPLE 56

Show that Z(n% —1) converges.

n=1



SOLUTION

un =(n% _1)
Lt un% =Lt (n% —1)=1—1=0<1(Since Lt n% :1) ;

D u, isconvergent by root test.

EXAMPLE 57

. . (n+2Y
Examine the convergence of the serieswhose »n” termis ( 3} X"
n+

SOLUTION

u, =[n+2j X"y Lt un% = Lt (n+2jx:x

n+3 0 noe\ n+3
. By root test, » u, convergeswhen |x| <1 and divergeswhen |x|>1 .

+2Y [sz
=[”—j . Ltu = Lt ~—"2

n-+ 3 n—»0 n—0 n
)
n
2

e 1
= —3:—¢O and theterms are all +ve.
e e

o Y u, isdivergent . Hence Y u, isconvergentif |x|<1 and divergentif |x|>1.

When |x|:1: u

n

EXAMPLE 58
Show that the series,

22 21" [# 37" [4 4]
- H = == +...... isconvergent  (JNTU 2002)
3 3

{(n+1)"+l n+l] (nﬂjnﬂnﬂy }
u, = a1l . — -1
n n n n

1N

—n




Y |
1 e-1

e
. By root test, Z”n is convergent.

Ltu,/" =

n—»w 1

11 1
e_

EXAMPLE 59
Test Zum for convergence when u,, :e—ﬂnz
m=1 (1+ )
m
SOLUTION
mz %}’l
(1+ 2 ) 1 2 m 2

Lt (u}/): Lt 4 . Lt —(1+—j € e

m-—>o0 m—>0 e m—»0 e m e
Hence Cauchy’ sroot tells us that z u, isdivergent.
EXAMPLE 60

. n
Test the convergence of the series Z =
e
SOLUTION
J4 n% .

Ltu/"= Lt —=0<1 . Byroottest, Y u, isconvergent.

n—»0 n—>0 e
EXAMPLE 61

2 F n+1)" x"
Test the convergence of the series, 1—2x+§x2 + %jt ...... , x>0
n

SOLUTION

Ltu)" = Lt w = Lt (”—Jrlj L
n—»0 n—>0 nn+ n—>0 n %



s Klﬁj. ]}'/x} :1.1.x=x[since Lt =1}
n—oo n n n—>o0o

n
.. By root test, Z”n convergesif x <1 and divergeswhen x >1.
When x =1, the test fails.

Then  u, :(1+1j l Take v, _1
n n n

Lt Y= gy (1+1j =e#0

n—>o0 vn n—>0 n
.. By comparison test and p-series test, Z“n is divergent.

Hence Z“n is convergent when x <1 and divergent when x >1.

Exercise 1.4

1. Test for convergencetheinfinite serieswhose n” termsare:

1
A) s Ans: convergent
@ - [ gent]
1
(b) —.(n#£1) i [Ans: convergent]
(log)
3n+1 Y 4 4
C 1 2 IR Ans: (x| < —cgt,|x| > —dgt
© 4n+3"j [Ans: |x| < Zcgt || 2 3 det]
) T [Ans: cgtforal x>0]
|n
(e ﬁn ............................................. [Ans: convergent]
n
) S”fn ........................................ [Ans: convergent]
n
(2}12 —l)n
(Q) 5 ce——— [Ans: convergent]

(h) (n% - )Zn ................................... [Ans: convergent]



